Simply connected symplectic 4-manifolds with $b_2^+ =1$ and $c_1^2 =2$ by Park, Jongil
ar
X
iv
:m
at
h/
03
11
39
5v
3 
 [m
ath
.G
T]
  2
6 M
ar 
20
04
SIMPLY CONNECTED SYMPLECTIC 4-MANIFOLDS
WITH b+2 = 1 AND c
2
1 = 2
JONGIL PARK
Abstract. In this article we construct a new family of simply connected symplectic
4-manifolds with b+2 = 1 and c
2
1 = 2 which are not diffeomorphic to rational surfaces by
using rational blow-down technique. As a corollary, we conclude that a rational surface
CP 2♯7CP
2
admits an exotic smooth structure.
1. Introduction
One of the fundamental problems in the topology of 4-manifolds is to determine
whether a given topological 4-manifold admits a smooth structure and, if it does, whether
such a smooth structure is unique or not. Though the complete answer is far from reach,
gauge theory makes us to answer partially these questions ([FS1], [FS2], [G], [Sz], [T]).
But most known results are in the case of simply connected 4-manifolds with either b+2 > 1
odd or b+2 = 1 and c
2
1 ≤ 0. In the case when b
+
2 = 1 and c
2
1 > 0, a theorem of D. Kotschick
is the only known result that the Barlow surface is not diffeomorphic to CP 2♯8CP
2
([K1]).
Since then, there was little progress on the problems.
In this paper we investigate exotic smooth structures on a rational surface CP 2♯7CP
2
.
According to a convention, we say that a smooth 4-manifold admits an exotic smooth
structure if it has more than one distinct smooth structure. One way to get an exotic
smooth structure on a given smooth 4-manifold X is to construct a new smooth 4-manifold
X ′ which is homeomorphic, but not diffeomorphic, to X. Hence the problem of finding
exotic smooth structures on a rational surface CP 2♯7CP
2
is equivalent to find a new
family of simply connected smooth 4-manifolds with b+2 = 1 and c
2
1 = 2. Note that the
only known simply connected closed smooth 4-manifolds with b+2 = 1 and c
2
1 ≥ 2 are
rational surfaces such as CP2, S2 × S2 and CP 2♯nCP
2
(n ≤ 7). Despite the fact that it
is no constraint on the existence of simply connected smooth 4-manifolds with b+2 = 1
and c21 ≥ 2 which are not rational surfaces, no such 4-manifolds have been known. Thus
it has long been an interesting question to find such 4-manifolds (refer to Problem 4.45
in the Kirby list appeared in [Ka]). In Section 3 we construct a new family of simply
connected symplectic 4-manifolds with b+2 = 1 and c
2
1 = 2 which are homeomorphic, but
not diffeomorphic, to rational surfaces by using rational blow-down technique introduced
by R. Fintushel and R. Stern in [FS1]. As one of our main results, we get the following
Theorem 1.1. There exists a simply connected symplectic 4-manifold with b+2 = 1 and
c21 = 2 which is homeomorphic, but not diffeomorphic, to a rational surface CP
2♯7CP
2
.
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Hence we conclude that a rational surface CP 2♯7CP
2
admits an exotic smooth struc-
ture. Furthermore, by blowing up of a symplectic 4-manifold constructed in Theorem 1.1
above, we also conclude that a rational surface CP 2♯8CP
2
admits at least three distinct
smooth structures - an Einstein metric with positive scalar curvature, an Einstein metric
with negative scalar curvature and no Einstein metric.
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with the author while working on this problem. The author would also like to thank
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2. Preliminaries
In this section we briefly review the Seiberg-Witten theory and a rational blow-down
surgery which will be the main technical tools to get our results.
First we briefly introduce the Seiberg-Witten theory for smooth 4-manifolds. In par-
ticular, we pay attention to the Seiberg-Witten invariant of 4-manifolds with b+2 = 1 ([M]
for details). Let X be a closed, oriented smooth 4-manifold with b+2 > 0 and a fixed
metric g, and let L be a characteristic line bundle on X, i.e. c1(L) is an integral lift of
w2(X). This determines a Spin
c-structure on X which induces a complex spinor bundle
W ∼=W+⊕W−, where W± is the associated U(2)-bundles on X such that det(W±) ∼= L.
Note that the Levi-Civita connection on TX together with a unitary connection A on L
induces a connection ∇A : Γ(W
+)→ Γ(T ∗X⊗W+). This connection, followed by Clifford
multiplication, induces a Spinc-Dirac operator DA : Γ(W
+) → Γ(W−). Then, for each
self-dual 2-form h ∈ Ω2+g(X :R), the following pair of equations for a unitary connection
A on L and a section Ψ of Γ(W+) are called the perturbed Seiberg-Witten equations:
(1) (SWg,h)
{
DAΨ = 0
F
+g
A = i(Ψ⊗Ψ
∗)0 + ih .
Here F
+g
A is the self-dual part of the curvature of A with respect to a metric g on X and
(Ψ ⊗ Ψ∗)0 is the trace-free part of (Ψ ⊗Ψ
∗) which is interpreted as an endomorphism of
W+. The gauge group G := Aut(L) ∼=Map(X,S1) acts on the space AX(L)× Γ(W
+) by
g · (A,Ψ) = (g ◦ A ◦ g−1, g ·Ψ)
Since the set of solutions is invariant under the action, it induces an orbit space, called
the Seiberg-Witten moduli space, denoted by MX,g,h(L), whose formal dimension is
dimMX,g,h(L) =
1
4
(c1(L)
2 − 3σ(X) − 2e(X))
where σ(X) is the signature of X and e(X) is the Euler characteristic of X. Note that
if b+2 (X) > 0 and MX,g,h(L) 6= φ, then for a generic self-dual 2-form h on X the moduli
space MX,g,h(L) contains no reducible solutions, so that it is a compact, oriented, smooth
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Definition The Seiberg-Witten invariant (for brevity, SW-invariant) for a smooth 4-
manifold X with b+2 > 0 is a function SWX : Spin
c(X)→ Z defined by
(2) SWX(L) :=
{
< βdL , [MX,g,h] > if dimMX,g,h(L) := 2dL ≥ 0 and even
0 otherwise .
Here β is a generator of H2(B∗X(L);Z) which is the first Chern class of the S
1-bundle
B˜∗X(L) = AX(L)× (Γ(W
+)−{0})/Aut0(L) −→ B∗X(L)
where Aut0(L) consists of gauge transformations which are the identity on the fiber of L
over a fixed base point inX. Note that if b+2 (X) > 1, the Seiberg-Witten invariant, denoted
by SWX =
∑
SWX(L) · e
c1(L), is a diffeomorphism invariant, i.e. SWX does not depend
on the choice of a metric on X and a generic perturbation of Seiberg-Witten equations.
Furthermore, only finitely many Spinc-structures on X have a non-zero Seiberg-Witten
invariant. We say that the characteristic line bundle L, equivalently a cohomology class
c1(L) ∈ H
2(X;Z), is a SW-basic class of X if SWX(L) 6= 0.
When b+2 (X) = 1, the SW-invariant SWX(L) defined in (2) above depends not only
on a metric g but also on a self-dual 2-form h. Because of this fact, there are several
types of Seiberg-Witten invariants for a smooth 4-manifold with b+2 = 1 depending on
how to perturb the Seiberg-Witten equations. We introduce two types of SW-invariants
and investigate how they are related. First we allow all metrics and self-dual 2-forms to
perturb the Seiberg-Witten equations. Then the SW-invariant SWX(L) defined in (2)
above has generically two values which are determined by the sign of (2πc1(L)+ [h]) · [ωg ],
where ωg is a unique g-self-dual harmonic 2-form of norm one lying in the (preassigned)
positive component of H2+g(X;R). We denote the SW-invariant for a metric g and a
generic self-dual 2-form h satisfying (2πc1(L) + [h]) · [ωg] > 0 by SW
+
X (L) and denote
the other one by SW−X (L). Then the wall crossing formula tells us the relation between
SW+X (L) and SW
−
X (L).
Theorem 2.1 (Wall crossing formula, [M]). Suppose that X is a closed, oriented smooth
4-manifold with b1 = 0 and b
+
2 = 1. Then for each characteristic line bundle L on X such
that the formal dimension of the moduli space MX,g,h(L) is non-negative and even, say
2dL, we have
SW+X (L)− SW
−
X (L) = −(−1)
dL .
By the way, C. Taubes’ result on the SW-invariant of a symplectic 4-manifold with
b+2 > 1 can be easily extended to the b
+
2 = 1 case.
Theorem 2.2 ([T], [LL1]). Suppose X is a closed symplectic 4-manifold with b+2 = 1 and
a canonical class KX . Then SW
−
X (−KX) = ±1.
Second one may perturb the Seiberg-Witten equations by adding only a small generic
self-dual 2-form h ∈ Ω2+g(X;R), so that one can define the SW-invariants as in (2) above.
In this case we denote the SW-invariant for a metric g satisfying (2πc1(L)) · [ωg] > 0 by
SW ◦,+X (L) and we denote the other one by SW
◦,−
X (L). Note that SW
◦,±
X (L) = SW
±
X (L).
But it sometimes happens that the sign of (2πc1(L))·[ωg ] is the same for all generic metrics,
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so that there exists only one SW-invariant obtained by a small generic perturbation of the
Seiberg-Witten equations. In such a case we define the SW-invariant of L on X by
SW ◦X(L) :=
{
SW ◦,+X (L) if 2πc1(L) · [ωg] > 0
SW ◦,−X (L) if 2πc1(L) · [ωg] < 0 .
If SW ◦X(L) 6= 0, we call the corresponding c1(L) (or L) a SW-basic class of X. Then
the Seiberg-Witten invariant of X, denoted by SW ◦X =
∑
SW ◦X(L) · e
c1(L), will also be a
diffeomorphism invariant. Furthermore we can extend many results obtained for smooth
4-manifolds with b+2 > 1 to this case. For example, we have
Theorem 2.3. Let X be a simply connected closed smooth 4-manifold with b+2 = 1 and
b−2 ≤ 9. Then
(i) There are only finitely many characteristic line bundles L on X such that SW ◦X(L) 6= 0.
(ii) If X admits a metric of positive scalar curvature, then the SW-invariant of X vanishes,
that is, SW ◦X(L) = 0 for any characteristic line bundle L on X.
Proof : Proofs of (i) and (ii) are exactly the same as the proofs of case b+2 > 1 as long as
the SW-invariant SW ◦X is well defined, i.e. it is independent of metrics on X. Let L be a
characteristic line bundle onX such that the formal dimension, 14(c1(L)
2−3σ(X)−2e(X)),
of the moduli space is non-negative and even. The condition b+2 = 1 and b
−
2 ≤ 9 imply
that c1(L)
2 ≥ 3σ(X) + 2e(X) ≥ 0. Furthermore, since X is simply connected and c1(L)
is characteristic, c1(L) 6= 0 (Otherwise, X has b
−
2 = 9 and it is spin which contradicts the
Rohlin’s signature theorem.) Thus, for any metric g on X, the light cone lemma implies
c1(L) · [ωg] 6= 0, so that the sign of (2πc1(L)) · [ωg] is the same for all generic metrics.
Hence the SW-invariant SW ◦X(L) is well defined. ✷
Next we briefly review a rational blow-down technique introduced by R. Fintushel and
R. Stern and state related facts ([FS1] for details).
Let Cp be a smooth 4-manifold obtained by plumbing the (p−1) disk bundles over the
2-sphere instructed by the following diagram
−(p+ 2) −2 −2
up−1 up−2 u1
r r · · · · · · r
where each vertex ui represents a disk bundle over the 2-sphere with Euler class labelled
above and an interval between vertices indicates plumbing the disk bundles correspond-
ing to the vertices. Label the homology classes represented by the 2-spheres in Cp by
u1, . . . , up−1 so that the self-intersections are u
2
p−1 = −(p+2) and u
2
i = −2 for 1 ≤ i ≤ p−2.
Furthermore, orient the 2-spheres so that ui ·ui+1 = +1. Then a configuration Cp has the
following topological properties:
(1) It is a negative definite simply connected smooth 4-manifold whose boundary is
the lens space L(p2, 1−p), and the lens space L(p2, 1−p) = ∂Cp bounds a rational
ball Bp with π1(Bp) ∼= Zp.
(2) H2(Cp;Z) ∼=
⊕p−1
i=1 Z has generators {ui : 1 ≤ i ≤ p − 1}, where each ui can be
represented by the zero-section S2i of the disk bundle ui over S
2 (We use ui for
both a generator and the corresponding disk bundle).
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(3) Let P be a plumbing matrix for Cp with respect to the basis {ui : 1 ≤ i ≤ p− 1}.
Then the intersection form on H2(Cp;Q) with respect to the dual basis {γi : 1 ≤
i ≤ p− 1} (i.e. < γi , uj >= δij) is given by
Q := (γi · γj) = P
−1.
For example, when p = 7, we have the following intersection form on H2(C7;Q)
with respect to {γi : 1 ≤ i ≤ 6}:
Q7 =
−1
49


41 33 25 17 9 1
33 66 50 34 18 2
25 50 75 51 27 3
17 34 51 68 36 4
9 18 27 36 45 5
1 2 3 4 5 6


Definition Suppose X is a smooth 4-manifold which contains a configuration Cp. Then
we construct a new smooth 4-manifoldXp, called the rational blow-down ofX, by replacing
Cp with a rational ball Bp. We call this a rational blow-down technique. Note that this
process is well-defined, that is, a new smooth 4-manifold Xp is uniquely constructed (up
to diffeomorphism) from X because each diffeomorphism of ∂Bp = L(p
2, 1−p) extends
over the rational ball Bp. Furthermore, M. Symington proved that a rational blow-down
manifold Xp admits a symplectic structure in some cases.
Theorem 2.4 ([Sy]). Suppose X is a symplectic 4-manifold containing a configuration
Cp with a symplectic 2-form ω. If all 2-spheres ui in Cp are symplectically embedded and
intersect positively, then the rational blow-down manifold Xp = X0 ∪L(p2,1−p)Bp admits a
symplectic 2-form ωp such that (X0, ωp|X0) is symplectomorphic to (X0, ω|X0).
Remark 1. Suppose X = X0 ∪L(p2,1−p) Cp is a symplectic 4-manifold with a canonical
class K and a compatible symplectic 2-form ω. In the case when Xp = X0 ∪L(p2,1−p)
Bp admits a symplectic structure as in the Theorem 2.4 above, let ωp be the induced
symplectic 2-form on Xp such that ψp : (X0, ωp|X0)→ (X0, ω|X0) is a symplectomorphism.
We also let Kp be the canonical class on Xp which is induced from the symplectic 2-form
ωp on Xp. Then, since H
1(L(p2, 1 − p);Q) = H2(L(p2, 1 − p);Q) = 0, if we decompose
K and ω as
K = K|X0 +K|Cp and [ω] = [ω|X0 ] + [ω|Cp ]
with K|X0 , [ω|X0 ] ∈ H
2(X0;Q) and K|Cp , [ω|Cp ] ∈ H
2(Cp;Q), we can also decompose
Kp and ωp as
Kp = Kp|X0 +Kp|Bp and [ωp] = [ωp|X0 ] + [ωp|Bp ].
Lemma 2.1. Under the same hypothesis on (X,K,ω) and (Xp,Kp, ωp) as above, we have
Kp · [ωp] = K · [ω]−K|Cp · [ω|Cp ].
Proof : Since Kp|Bp and [ωp|Bp ] are zero elements in H
2(Bp;Q), we have
Kp · [ωp] = Kp|X0 · [ωp|X0 ] = ψ
∗
p(K|X0) · ψ
∗
p([ω|X0 ])
= K|X0 · [ω|X0 ] = K · [ω]−K|Cp · [ω|Cp ]. ✷
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3. A Main Construction
In this section we construct a new family of simply connected symplectic 4-manifolds
with b+2 = 1 and c
2
1 = 2 which are homeomorphic, but not diffeomorphic, to rational
surfaces by using rational blow-down technique introduced by R. Fintushel and R. Stern
in [FS1].
Let us start with analyzing a simply connected rational surface E(1) = CP 2♯9CP
2
.
There are several ways to describe E(1). One way to construct E(1) is to take two generic
cubic curves in CP 2 which intersect each other at 9 points and then blow up 9 times at
these points in CP 2. This viewpoint makes us to see E(1) = CP 2♯9CP
2
as a Lefschetz
fibration over CP 1 whose generic fiber is an elliptic curve, say f , and which also has 6
singular cusp fibers (or, equivalently, 12 singular fishtail fibers). Since 4 singular cusp
fibers in E(1) can be deformed to an E˜6-singular fiber, E(1) can also be described as an
elliptic fibration over CP 1 with 3 singular fibers, one E˜6-fiber and two cusp fibers. Note
that a neighborhood of the E˜6-fiber in E(1) is a smooth 4-manifold obtained by plumbing
disk bundles over the holomorphically embedded 2-spheres Si(1 ≤ i ≤ 7) of square −2
instructed by the Dynkin diagram of E˜6 ([HKK] for details).
−2 −2 −2 −2 −2
S1 S2 S3 S4 S5
S7 −2
S6 −2
r
r
r r r r r
Figure 1. E˜6-singular fiber
Lemma 3.1 ([A], [F]). The second (co)homology classes [Si] (1 ≤ i ≤ 7) of the 2-spheres
Si embedded in E˜6 can be represented by [S1] = e4−e7, [S2] = e1−e4, [S3] = h−e1−e2−e3,
[S4] = e2−e5, [S5] = e5−e9, [S6] = e3−e6 and [S7] = e6−e8, where h denotes a generator of
H2(CP
2;Z) and each ei denotes the (co)homology class represented by the i
th exceptional
curve in CP
2
⊂ E(1) = CP 2♯9CP
2
.
Proof : Note that E(1) can be constructed as follows: First choose a generic cubic
curve C (represented homologically by 3h) which intersects with a line (represented by
h) at 3 points in CP 2. And then blow up at these 3 points, so that we get an em-
bedded 2-sphere S3, represented by h − e1 − e2 − e3, of multiplicity 3 and of square
−2 in CP 2♯3CP
2
. Again blow up 3 times at the intersection points between the curve
C−e1−e2−e3 and 3 exceptional curves e1, e2 and e3 respectively, so that we get embedded
2-spheres S2 = e1 − e4, S4 = e2 − e5 and S6 = e3 − e6 of multiplicities 2 and of squares
−2 in CP 2♯6CP
2
. Finally blow up 3 times at the intersection points between the curve
C − e1 − e2 − · · · − e6 and 3 new exceptional curves e4, e5 and e6 respectively, so that we
get again embedded 2-spheres S1 = e4− e7, S5 = e5− e9 and S7 = e6− e8 of multiplicities
1 and of squares −2 in CP 2♯9CP
2
. Then the embedded 2-spheres {S1 . . . S7} consists of
E˜6-singular fiber in E(1). ✷
SIMPLY CONNECTED SYMPLECTIC 4-MANIFOLDS WITH b+
2
= 1 AND c2
1
= 2 7
Note that the standard canonical class KE(1) ∈ H
2(E(1);Z) of E(1) is represented
by KE(1) = −3h + (e1 + · · · + e9) = −[f ]. Furthermore, there is a relation between the
canonical class and a compatible symplectic 2-form on a non-minimal rational surface
which will play an important role in the proof of our main results. Explicitly, we have
Lemma 3.2. For each integer k ≥ 1, there exists a symplectic 2-form ω on E(1)♯kCP
2
which is compatible with the standard canonical class K
E(1)♯kCP
2 = −3h+(e1+ · · ·+e9+k)
such that its cohomology class [ω] can be represented by ah − (b1e1 + · · · + b9+ke9+k)
for some rational numbers a, b1, . . . , b9+k satisfying a ≥ b1 ≥ b2 ≥ . . . ≥ b9+k ≥ 0 and
3a > b1 + · · · + b9+k.
Proof : Since E(1)♯kCP
2
is a rational surface, there exists a symplectic 2-form ω
on E(1)♯kCP
2
which is compatible with the standard canonical class K
E(1)♯kCP
2 =
−3h+(e1+ · · ·+e9+k) satisfying KE(1)♯kCP 2 · [ω] < 0 (refer to Corollary 1.4 in [MS]). Fur-
thermore, Lemma 4.7 in [LL2] guarantees that the cohomology class [ω] of the symplectic
2-form ω can be represented by ah − (b1e1 + · · · + b9+ke9+k) for some rational numbers
a, b1, . . . , b9+k satisfying a ≥ b1 ≥ b2 ≥ . . . ≥ b9+k ≥ 0. The inequality 3a > b1+ · · ·+ b9+k
follows from the fact that K
E(1)♯kCP
2 · [ω] < 0. ✷
In fact, T. Li and A. Liu obtained many results regarding symplectic structures and
canonical classes on symplectic 4-manifolds with b+2 = 1. For example, they proved
Lemma 3.3 ([LL1]). There is a unique symplectic structure on CP 2♯kCP
2
for 2 ≤ k ≤ 9
up to diffeomorphisms and deformation. For k ≥ 10, the symplectic structure is still
unique for the standard canonical class. In particular, CP 2♯kCP
2
(2 ≤ k ≤ 9) does not
admit a symplectic 2-form ω for which c1(K) · [ω] > 0.
Proposition 3.1. There exists a configuration C7 in a rational surface E(1)♯4CP
2
such
that all 2-spheres ui lying in C7 are symplectically embedded.
Proof : Note that E(1) can be viewed as an elliptic fibration with an E˜6-singular fiber
and 2 cusp singular fibers (equivalently, 4 singular fishtail fibers). Since the homology
class [f ] of the elliptic fiber f in E(1) can be represented by an immersed 2-sphere with
one positive double point (equivalently, a fishtail fiber) and since E(1) contains at least
4 such immersed 2-spheres, we blow up 4 times at these double points so that there exist
embedded 2-spheres, f − 2e10, . . . , f − 2e13, in E(1)♯4CP
2
which intersect a section e9 of
E(1) positively at points, say p1, . . . , p4, respectively. And then, resolving symplectically
the intersection points p1, . . . , p4 between f−2e10, . . . , f−2e13 and e9, we have a symplec-
tically embedded 2-sphere, denoted by S, in E(1)♯4CP
2
which represents a homology class
(f − 2e10)+ · · ·+(f − 2e13)+ e9 = 4f + e9− 2(e10+ · · ·+ e13) with square −9. Now, using
a linear plumbing manifold consisting of 5 disk bundles {S1, S2, . . . , S5} lying in a neigh-
borhood of an E˜6-singular fiber (Figure 1), we obtain a configuration C7 ⊂ E(1)♯4CP
2
by setting u1 = S1, u2 = S2, . . . , u5 = S5 and u6 = S (Figure 2). Note that all 2-spheres
ui lying in the configuration C7 are symplectically embedded. ✷
Remark 2. Note that there are other candidates for a configuration C7 in E(1)♯4CP
2
by choosing a different linear plumbing manifold lying in a neighborhood of an E˜6-singular
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−9 −2 −2
u6 u5 u1
r r · · · · · · r
Figure 2. C7 ⊂ E(1)♯4CP
2
fiber. For example, one may choose a linear plumbing manifold consisting of 5 disk bun-
dles {S1, S2, S3, S6, S7} in Figure 1 to get a configuration C7.
Theorem 3.1. There exists a simply connected symplectic 4-manifold with b+2 = 1 and
c21 = 2 which is homeomorphic, but not diffeomorphic, to CP
2♯7CP
2
.
Proof : Construction - By Proposition 3.1 above, we have a symplectically embedded
configuration C7 in a rational surface X := E(1)♯4CP
2
. Hence we get a new smooth
4-manifold, denoted by X7 = X0 ∪L(49,−6) B7, by rationally blowing down along the
configuration C7 in X = X0 ∪L(49,−6) C7. Furthermore, Theorem 2.4 guarantees the
existence of a symplectic structure on X7.
Properties of X7 - Since a circle representing a generator of π1(L(49,−6)) bounds
a disk which is a hemisphere of S6 lying in E˜6-singular fiber, π1(X0) = 1. Hence the
simple connectivity of X7 follows from Van-Kampen’s theorem. Furthermore, it satisfies
c21(X7) = c
2
1(X) + 6 = 2, so that it is homeomorphic to CP
2♯7CP
2
due to M. Freed-
man’s classification theorem of simply connected closed topological 4-manifolds. It only
remains to show that X7 is not diffeomorphic to CP
2♯7CP
2
. For this, we first claim that
the canonical class K7 on X7 and the corresponding symplectic 2-form ω7 on X7 satisfy
K7 · [ω7] > 0. Then, since b
−
2 (X7) ≤ 9 and (−K7) · [ω7] < 0, the Seiberg-Witten invariant
SW ◦X7 is well defined and we have SW
◦
X7
(−K7) = SW
◦,−
X7
(−K7) = SW
−
X7
(−K7) = ±1,
where the last equality follows from Theorem 2.2. Note that the non-triviality of SW ◦X7
means that X7 does not admit a metric of positive scalar curvature, equivalently, it is not
diffeomorphic to a rational surface. Hence we are done.
Proof of K7 · [ω7] > 0 - Note that the canonical class K of X = E(1)♯4CP
2
is rep-
resented by K = −3h + (e1 + · · · + e13) = −[f ] + (e10 + · · · + e13) and, by modifying B.
Li and T. Li’s symplectic cone argument in [LL2], we may assume that the cohomology
class [ω] of a symplectic 2-form ω on X compatible with a canonical class K can be rep-
resented by ah − (b1e1 + · · · + b13e13) for some rational numbers a, b1, . . . , b13 satisfying
a ≥ b1 ≥ b2 ≥ . . . ≥ b13 ≥ 0 and 3a > b1+ · · ·+ b13 (refer to Lemma 3.2). Now, remember-
ing that u6 = S = 4f+e9−2(e10+ · · ·+e13) = 12h+e9−4(e1+ · · ·+e9)−2(e10+ · · ·+e13)
in Proposition 3.1 and the canonical class K does not intersect with holomorphic 2-spheres
ui (1 ≤ i ≤ 5) of square −2, let us express two cohomology classes K|C7 and [ω|C7 ] using
a dual basis {γi : 1 ≤ i ≤ 6} (i.e. < γi , uj >= δij) for H
2(C7;Q):
K|C7 = (K · u1)γ1 + (K · u2)γ2 + · · ·+ (K · u6)γ6
= 7γ6 and
ω|C7 = ([ω] · u1)γ1 + ([ω] · u2)γ2 + · · ·+ ([ω] · u5)γ5 + ([ω] · u6)γ6
= (b4 − b7)γ1 + (b1 − b4)γ2 + (a− b1 − b2 − b3)γ3 + (b2 − b5)γ4
+(b5 − b9)γ5 + {12a− 4(b1 + · · · + b9)− 2(b10 + · · ·+ b13) + b9}γ6.
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Then, using the intersection form Q7 on H
2(C7;Q), we have
K|C7 · [ω|C7 ] =
−1
7
{(b4 − b7) + 2(b1 − b4) + 3(a − b1 − b2 − b3) + 4(b2 − b5)
+5(b5 − b9) + 6(12a − 4(b1 + · · ·+ b9)− 2(b10 + · · ·+ b13) + b9)}
=
−1
7
{75a − 25b1 − 23b2 − 27b3 − 25b4 − 23b5 − 24b6 − 25b7 − 24b8
−23b9 − 12(b10 + · · ·+ b13)}.
Hence, by Lemma 2.1 and Lemma 3.2, we have
K7 · [ω7] = K · [ω]−K|C7 · [ω|C7 ]
= {−3a+ (b1 + · · ·+ b13)} −K|C7 · [ω|C7 ]
=
1
7
{54a − 18b1 − 16b2 − 20b3 − 18b4 − 16b5 − 17b6 − 18b7 − 17b8
−16b9 − 5(b10 + · · ·+ b13)}
>
1
7
{2b2 − 2b3 + 2b5 + b6 + b8 + 2b9 + 13(b10 + · · ·+ b13)}
≥ 0 . ✷
Remark 3. Since the canonical class K7 induced from a symplectic structure ω7 on
the symplectic 4-manifold X7 constructed in the proof of Theorem 3.1 above satisfies
K7 · [ω7] > 0, one can also conclude directly from Lemma 3.3 that X7 is not diffeomorphic
to a rational surface CP 2♯7CP
2
.
Remark 4. Similarly, using various different configurations C7 lying in E(1)♯4CP
2
(refer to Remark 2) and the same technique as in the proof of Theorem 3.1 above, we can
construct a family of simply connected symplectic 4-manifolds with b+2 = 1 and c
2
1 = 2
which are all homeomorphic, but not diffeomorphic, to a rational surface CP 2♯7CP
2
. But
we do not know whether all these symplectic 4-manifolds are mutually diffeomorphic to
each other.
Remark 5. There are still some important questions to be solved regarding on the
symplectic 4-manifold X7. For example, though it is likely to be minimal, it is not easy to
determine whether X7 is minimal. Furthermore, it is a very intriguing question whether
X7 admits a complex structure.
Remark 6. Theorem 3.1 above enables us to confirm that a rational surface CP 2♯7CP
2
admits an exotic smooth structure.
4. Symplectic 4-Manifolds with b+2 = 1 and c
2
1 = 1
As we mentioned in the Introduction, the only known simply connected symplectic
4-manifolds with b+2 = 1 and c
2
1 = 1 are complex surfaces such as a rational surface
CP 2♯8CP
2
and Barlow surfaces. In this section, using the same technique as in the proof
of Theorem 3.1 above, we construct simply connected symplectic 4-manifolds which are
homeomorphic, but not diffeomorphic, to a rational surface CP 2♯8CP
2
.
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Proposition 4.1. There exists a configuration C5 in a rational surface E(1)♯3CP
2
such
that all 2-spheres ui lying in C5 are symplectically embedded.
Proof : As in the proof of Proposition 3.1, we blow up 3 times at the double points
of singular fishtail fibers so that there exist embedded 2-spheres, f − 2e10, . . . , f − 2e12,
in E(1)♯3CP
2
which intersect a section e2 of E(1) positively at points, say p1, . . . , p3,
respectively. And then, resolving symplectically the intersection points p1, . . . , p3 between
f − 2e10, . . . , f − 2e12 and e2, we have a symplectically embedded 2-sphere, denoted by
S, in E(1)♯3CP
2
which represents a homology class (f − 2e10) + · · · + (f − 2e12) + e2 =
3f+e2−2(e10+· · ·+e12) with square −7. Now, using a linear plumbing manifold consisting
of 3 disk bundles {S1, S2, S3} lying in a neighborhood of an E˜6-singular fiber (Figure 1),
we obtain a configuration C5 ⊂ E(1)♯3CP
2
by setting u1 = S1, u2 = S2, u3 = S3 and
u4 = S. ✷
Theorem 4.1. There exists a simply connected symplectic 4-manifold with b+2 = 1 and
c21 = 1 which is homeomorphic, but not diffeomorphic, to a rational surface CP
2♯8CP
2
.
Proof : By Proposition 4.1 above, we have a symplectically embedded configuration
C5 in a rational surface X := E(1)♯3CP
2
. Hence we get a new smooth 4-manifold,
denoted by X5 = X0 ∪L(25,−4) B5, by rationally blowing down along the configuration
C5 in X = X0 ∪L(25,−4) C5. Then the rest of proof is exactly the same as the proof of
Theorem 3.1 above except a computation of K5 · [ω5] > 0, which is the following:
In this case, we have K = −3h+ (e1 + · · · + e12) and [ω] = ah − (b1e1 + · · · + b12e12)
for some rational numbers a, b1, . . . , b12 satisfying a ≥ b1 ≥ b2 ≥ . . . ≥ b12 ≥ 0 and
3a > b1 + · · ·+ b12. Now, using u4 = S = 3f + e2 − 2(e10 + · · ·+ e12) = 9h+ e2 − 3(e1 +
· · ·+ e9)− 2(e10 + · · · + e12), we have
K|C5 = (K · u1)γ1 + · · ·+ (K · u4)γ4 = 5γ4 and
ω|C5 = ([ω] · u1)γ1 + · · ·+ ([ω] · u4)γ4
= (b4 − b7)γ1 + (b1 − b4)γ2 + (a− b1 − b2 − b3)γ3
+{9a− 3(b1 + · · ·+ b9)− 2(b10 + · · · + b12) + b2}γ4.
Hence, by Lemma 2.1 and Lemma 3.2, we get
K|C5 · [ω|C5 ] =
−1
5
{(b4 − b7) + 2(b1 − b4) + 3(a− b1 − b2 − b3)
+4(9a− 3(b1 + · · ·+ b9)− 2(b10 + · · ·+ b12) + b2)}
=
−1
5
{39a− 13b1 − 11b2 − 15b3 − 13b4 − 12(b5 + b6)− 13b7
−12(b8 + b9)− 8(b10 + · · ·+ b12)},
K5 · [ω5] = K · [ω]−K|C5 · [ω|C5 ]
=
1
5
{24a − 8b1 − 6b2 − 10b3 − 8b4 − 7(b5 + b6)− 8b7
−7(b8 + b9)− 3(b10 + · · ·+ b12)}
>
1
5
{2b2 − 2b3 + b5 + b6 + b8 + b9 + 5(b10 + · · · + b12)}
≥ 0 . ✷
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Remark 7. Similarly, using various different configurations C5 lying in E(1)♯3CP
2
,
we can also construct a family of simply connected symplectic 4-manifolds with b+2 = 1
and c21 = 1 which are all homeomorphic, but not diffeomorphic, to a rational surface
CP 2♯8CP
2
. But we do not know whether one of these symplectic 4-manifolds is diffeo-
morphic to a Barlow surface.
Finally, we also investigate exotic smooth structures on a rational surface CP 2♯8CP
2
.
As mentioned in the Introduction, Barlow surface, denoted by B, is homeomorphic, but
not diffeomorphic, to a rational surface CP 2♯8CP
2
. Furthermore, whereas CP 2♯8CP
2
admits an Einstein metric with positive scalar curvature, B admits an Einstein metric
with negative scalar curvature. Now, since a symplectic 4-manifold X7 constructed in
Theorem 3.1 has a nontrivial SW-basic class K7 obtained by a small generic perturbation,
so that its blow-up manifold X7♯CP
2
has at least two (up to sign) SW-basic classes,
K7+E and K7−E (E is an exceptional curve obtained by a blowing up), we conclude
that the blow-up manifold X7♯CP
2
is also homeomorphic, but not diffeomorphic, to both
B and CP 2♯8CP
2
. Furthermore, D. Kotschick pointed out that X7♯CP
2
does not admit
an Einstein metric, which can be deduced from his result regarding on the existence
of Einstein metrics (Theorem 4.3 below for details). Hence we get the following useful
information about exotic smooth structures on a rational surface CP 2♯8CP
2
. Before we
state our final result, we first quote a theorem of D. Kotschick:
Theorem 4.2 ([K2]). Let X be a smooth 4-manifold with a monopole class c. If X
admits an Einstein metric, then the maximal number k of copies of CP
2
that can be split
off smoothly is bounded by
k ≤
1
2
{2e(X) + 3σ(X) − 8d}
where d is the dimension of moduli space of the solutions of Seiberg-Witten equations
corresponding to a monopole class c.
Theorem 4.3. A rational surface CP 2♯8CP
2
admits at least three distinct smooth struc-
tures - an Einstein metric with positive scalar curvature, an Einstein metric with negative
scalar curvature and no Einstein metric.
Proof : Since X7♯CP
2
, B and CP 2♯8CP
2
are not mutually diffeomorphic to each
other, and since B and CP 2♯8CP
2
have desired Einstein metrics, it only suffices to show
that X7♯CP
2
does not admit an Einstein metric. For this, suppose that a symplectic
4-manifold X7♯CP
2
has an Einstein metric and apply Theorem 4.2 above to X7♯CP
2
.
Then we have 1 ≤ k ≤ 12{2e(X) + 3σ(X) − 8d} =
1
2 , which is a contradiction. ✷
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